We show that twisting of an infinite straight three-dimensional tube with non-circular cross-section gives rise to a Hardy-type inequality for the associated Dirichlet Laplacian. As an application we prove certain stability of the spectrum of the Dirichlet Laplacian in locally and mildly bent tubes. Namely, it is known that any local bending, no matter how small, generates eigenvalues below the essential spectrum of the Laplacian in the tubes with arbitrary cross-sections rotated along a reference curve in an appropriate way. In the present paper we show that for any other rotation some critical strength of the bending is needed in order to induce a non-empty discrete spectrum.
Introduction
The Dirichlet Laplacian in infinite tubular domains has been intensively studied as a model for the Hamiltonian of a non-relativistic particle in quantum waveguides; we refer to [6, 13, 16] for the physical background and references. Among a variety of results established so far, let us point out the papers [5, 6, 9, 10, 15, 17] where the existence of bound states generated by a local bending of a straight waveguide is proved. This is an interesting phenomenon for several reasons. From the physical point of view, one deals with a geometrically induced effect of purely quantum origin, with important consequences for the transport in curved nanostructures. Mathematically, the tubes represent a class of quasi-cylindrical domains for which the spectral results of this type are non-trivial.
More specifically, it has been proved in the references mentioned above that the Dirichlet Laplacian in non-self-intersecting tubular neighborhoods of the form 
where a is a positive number and Γ is an infinite curve of non-trivial curvature vanishing at infinity, always possesses discrete eigenvalues. On the other hand, the essential spectrum coincides as a set with the spectrum of the straight tube of radius a. In other words, the spectrum of the Laplacian is unstable under bending. The bound states may be generated also by other local deformations of straight waveguides, for example, by a adding a "bump" [4,2,7]. On the other hand, the first two authors of this paper have shown recently in [7] (see also [1] ) that a presence of an appropriate local magnetic field in a twodimensional waveguide leads to the existence of a Hardy-type inequality for the corresponding Hamiltonian. Consequently, the spectrum of the magnetic Schrödinger operator becomes stable as a set against sufficiently weak perturbations of the type considered above.
In this paper we show that in tubes with non-circular cross-sections the same stability effect can be achieved by a purely geometrical deformation which preserves the shape of the cross-section: twisting. We restrict to d = 3 and replace the definition (1) by a tube obtained by translating an arbitrary cross-section along a reference curve Γ , according to a smooth moving frame of Γ (that is the triad of the tangent and any two normal vectors perpendicular to each other), see Fig. 1 . We say that the tube is twisted provided that (i) the cross-section is not rotationally symmetric [cf (8) below] and (ii) the projection of the derivative of one normal vector of the moving frame to the other one is not zero. The second condition can be expressed solely in terms of the difference between the second curvature (also called torsion) of Γ and the derivative of the angle between the normal vectors of the chosen moving frame and a Frenet frame of Γ [cf (14) below]; the latter determines certain rotations of the cross-section along the curve. In other words, twisting and bending may be viewed as two independent deformations of a straight tube. In order to describe the main results of the paper, we distinguish between two particular types of twisting.
First, when Γ is a straight line, then of course the curvatures are zero and the twisting comes only from rotations of a non-circular cross-section along the line. In this situation, we establish Theorem 3 containing a Hardy-type inequality for the Dirichlet Laplacian in a straight locally twisted tube. Roughly speaking, this tells
